We investigate the renormalization group flow of the Yukawa model with a fixed momentum cutoff at the leading order in 1/N , where N is the number of the fermion species. We demonstrate the scale invariance of coupling constants of the Nambu-Jona-Lasinio model.
The Nambu-Jona-Lasinio (NJL) model is an excellent model which can render us a field theoretical description of the quantum composite state, that is, a composite arising due to quantum effects [1] . It is originally a model of composite mesons in analogy with the superconductor theory, and is also applied to the composite photon [2] , composite gauge bosons and Higgs scalars [3, 4] , induced gravity [5] , and various collective modes in nuclear and solid state physics. Though the model is not renormalizable, it is known to be equivalent to the renormalizable Yukawa model under the compositeness condition (CC) [6] . Then the renormalization group (RG) approach may be a powerful tool to investigate this model. In fact many people attempted to study and apply the method [7, 8] . Most of them, however, considered the limit of the infinite momentum cutoff, which necessitates some additional assumptions, such as existence of fixed point and ladder approximation. In this letter, we take the momentum cutoff as a large but finite physical parameter, and make no further assumptions. Then we investigate the RG flow of the Yukawa model with a finite momentum cutoff at the leading order in 1/N, where N is the number of the fermion species. It turns out that the NJL model with a finite momentum cutoff is entirely at the fixed point.
This illustrates the scale invariance of the coupling constants in the NJL model. This is important because it appears to contradict with the widely adopted phenomenological use of the running coupling constants in the NJL model [8] .
We consider the renormalizable Yukawa model for N elementary fermions ψ 0 = (ψ 01 , ψ 02 , · · · , ψ 0N ) and a elementary boson φ 0 with the following Lagrangian
where m 0 is the bare mass of φ 0 , g 0 and λ 0 are bare coupling constants, and the subscripts "L" and "R" indicate chiralities. Since the NJL model, which we want to consider in connection, is not renormalizable, we introduce some regularization scheme with a finite cutoff. We adopt the dimensional regularization where we consider everything in d(= 4 −2ε)
dimensional spacetime with small but non-vanishing ε. By them we are not considering "the theory at the d(= 4 − 2ε)", but that in d = 4 with the momentum cutoff described by the scheme. The parameter ε roughly corresponds to 1/ log Λ with the momentum cutoff Λ. To absorb the divergences of the quantum loop diagrams due to (1), we renormalize the fields, the mass, and the coupling constants as
where ψ, φ, m, g, and λ are the renormalized fields, mass, and coupling constants, respectively, Z ψ , Z φ , Z m , Z g and Z λ are the renormalization constants, and µ is a mass scale parameter to make g and λ dimensionless. Then the Lagrangian L Y becomes
As the renormalization condition, we adopt the minimal subtraction scheme, where, as the divergent part to be absorbed into in the renormalization constants, we retain all the negative power terms in the Laurent series in ε of the divergent (sub)diagrams. Then the parameter µ is interpreted as the renormalization scale. Since the coupling constants are dimensionless, the renormalization constants depend on µ only through g and λ, but do not explicitly depend on µ.
Now we consider the NJL model in its simplest form given by the Lagrangian
where
The system is equivalent to that described by the Lagrangian [9] 
where Φ is an auxiliary scalar field.
Now we can see that the Lagrangian (4) of the Yukawa model coincides with the Lagrangian (6) of the NJL model, if
The condition (7) is the "compositeness condition" (CC) [6] which imposes relations among the coupling constants g and λ, the mass m, and the cutoff parameter ε in the Yukawa model so that it reduces to the NJL model. The perturbative calculation shows that g → 0 and λ → 0 as ε → 0 at each order, and the theory becomes trivial free theory. Therefore we fix the cutoff Λ = µe 1/ε at some finite value.
We can read off from (6) and (4) that the fields and parameters of the NJL and the Yukawa models should be connected by the relations
The last of (8) is so-called "gap equation" of the NJL model. In terms of the bare parameters the CC (7) corresponds to the limit
These behaviors may look singular at first sight, but they are of no harm because they are unobservable bare quantities.
Thus the NJL model is equivalent to the cutoff Yukawa model (i.e. the Yukawa model with a finite cutoff) under the CC (7) . Then the RG of the former coincides with that of the latter under the condition (7). Let us consider the latter (the cutoff Yukawa model) with special cares on the finite cutoff. In our case, it amounts to fix ε = (4 − d)/2 at some non-vanishing value. The beta functions and the anomalous dimensions are defined as
where the differentiation ∂/∂µ performed with g 0 , λ 0 , and ε fixed. Operating µ(∂/∂µ) to the equations in (3) we obtain
Comparing the residues of the poles at ε = 0, we obtain
where D = g(∂/∂g) + 2λ(∂/∂λ), and J 1 and K 1 are the residues of the simple poles of J and K, respectively. On the other hand the anomalous dimensions are given by
where Z φ1 and Z ψ1 are the residues of the simple poles of Z φ and Z ψ , respectively. We can read off from (13) and (14) that β (ε) 's depend on the cutoff only through the first terms −εg and −2ελ of the expressions, while γ (ε) 's are independent of ε. We should be careful not to neglect the cutoff dependence of β (ε) 's.
Explicit calculations at the one-loop level show
The CC Z φ = Z λ = 0 (eq. (7)) with (15) connects the terms with different order in the coupling constants. Accordingly, the expansion in the coupling constants fails in the case of the NJL model. Therefore we instead adopt the 1/N expansion by assigning
which does not mix the different orders in CC (7) with (15). The expressions in (15) contains all the contributions of the leading order in 1/N. Applying (15) - (17) to (13) and (14), we get, at the leading order in 1/N,
The RG equation with the functions in (18) and (19) determine the flow of the various quantities with the increasing scale µ.
The RG equations for the coupling constants g and λ are given by (10) with (18), and are solved as
where the integration constants have been determined in accordance with (3) . We can confirm the results by deriving (20) directly from (3) with (15). In fact the RG flow of coupling constant is entirely determined by (3). In the infinite cutoff limit ε → 0, (20) becomes
with a = N/16π 2 ε + 1/g In the limit of NJL model (9) , the solution (20) reduces to
This can also be derived by directly solving the compositeness condition Z φ = Z λ = 0 in (7) with (15). The coupling constants (22) for the NJL model are independent of the scale parameter µ. Namely, the NJL model is at the fixed point (22) in the renormalization flow of the Yukawa model.
In fig. 1-4 , we illustrate the typical RG flows due to (20) and (21). The number of the fermion species N is typically taken as 10. Fig. 1 shows the µ-dependence of g 2 for various values of g 2 0 , while fig. 2 (fig. 3) shows that of λ for various values of λ 0 with a positive (negative) g It is further traced back to the fact that the scale invariance of the relation (3) under the compositeness condition (7). Thus we expect that the scale invariance holds not only in the leading order in 1/N, but also in all order. A formal proof of this statement will be given in a separate paper [10] . 
